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of the previous year and on the number of claims reported in that year. If
no claims have been reported, then the policy-holder gets a bonus expressed
in moving to a class with lower premium rates. Else, the policy-holder may
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with higher premium rates. The movement between classes is modeled as a
discrete time Markov chain which is dependent on the claim process which is
also assumed to be Markovian. However, the transition matrix of the claim
process is assumed unknown and random. In this paper, we propose recursive
filters for a related transition matrix. We also provide a formula to predict
claims m years into the future. Finally, parameters estimation of the transition
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1. INTRODUCTION

All processes are defined on a measurable space (2, F), with probability
measure P.

Consider a set of L policy-holders of automobile insurance. FEach policy-
holder belongs to one of a finite number C' of classes (tariff groups) sorted by
order of merit; class 1 being the one with lowest premiums etc. That is, each
premium depends on the class to which a policy-holder belongs. Each year the
class of a policy-holder is determined on the basis of the class of the previous
year and on the number of claims reported during that year. If no claim has
been reported, then the policy-holder gets a bonus expressed in the lowering to
a class with a possibly lower premium. Otherwise the policy-holder may stay
in the same class or gets maluses (penalized) by being shifted to a higher class
with possibly higher premium. New policy-holders are assigned to a certain
class.

The Bonus-Malus system is popular in Europe and is well established in the
motor insurance markets. For more details on the Bonus-Malus system see,
for instance, [5], [6] and [7].

Let x,, refers to the number of policy holders assigned to tariff group m,
m=1,...,C and let X,, € Sx = {(z1,...,2¢)} be the states of these groups
during the n — th year.

Let the nonnegative half of the real line be partitioned into a convenient
set of disjoint intervals I1,..., I and let Z! be the number of claims with
sizes falling in Iy, ..., ZX be the number of claims with sizes falling in I and
Zn=(Z},...,Z]) € Sz, where Sy is a (finite) subset of Z%.

We shall be using the following notation and assumptions:

a. The processes X is a Markov chain which, for technical reasons (that will
become apparent later) and without loss of generality, lives on the standard
basis {eq, ..., ey} of RI¥x| where the vector e; has 1 in the i-th position and
0’s elsewhere and |Sx| is the cardinal or size of the set Sx. The probability
transition matrix of X is given below in representation (1.2).

b. The process Z is a Markov chain on the set of unit vectors {fi,..., fis,} of
RISzl where the vector f has 1 in the k-th position and 0’s elsewhere and | S|
is the cardinal or size of the set Sz. (See representation (1.3) below). However,
the transition probability matrix of Z is time-dependent and not known a
priori. In this paper, it is assumed that these matrices form a stochastic
process. (See representation (1.4) below).

Write Z,, = o{ Xk, Zk—1,k < n} for the complete filtration generated by X
and Z up to the n — th year. We assume that:

p[Xn = €5 ’ In—h Zn—l] = p[Xn = €5 ’ Xn—h Zn—l]-

Conditional on the event [X,_1 = e;,Z,—1 = fi] expression (?7) may be
rewritten:

AN
(1.1) P[X, =¢;| Xp-1 = ¢i, Zn_1= f1] = pjir-
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Write P = {pja}, 0.5 = 1,...,[Sx|, k = 1,...,]|Sz|. Then 3\ p;5 =1
and P is an |Sx| x |Sx| |Sz| stochastic matrix of tensor mapping RISx/15zl into
RISxI and has the form

D111 P12 ... D1,|Sx 1Sz
P=: : :

Pisx|11 Plsxl,12 -+ P|Sx),Sx|Sz]
Lemma 1. The process X has the following semimartingale representation.:
(1.2) X, =PX, 1® Zy 1+ V,,
where V,, 1s an I, - martingale increment and ® denotes the tensor product.

Proof. We must show that V' is a sequence of martingale increments.
E[Vn ’ In—l]
=FEE[X,— PX-1® Zn1 | Zn-1, Zn-1] | Znn-1]
=FEE X, | Zh-1,Zn-1] | Zn-1]| — E[PXn-1 ® Zp_1 | Zp—1]
=FEPX,1®Zy1—PX, 1 ® Zy1 | ]

=0,
and the proof is finished. O
Set
an(s:7,0) 2 P2y = [ Zoos = fr, Xoor = 1],
and let Q,, = {qn(s,7, h)},r,s=1,...,]|Sz|,h=1,..., |Sx|and ZL‘Z' qn(s,r, h) =

1. That is, @, is an |Sz| x |Sz||Sx| time-dependent, stochastic matrix or ten-
sor mapping RI%zI15x| into RISzl | The same analysis as for the Markov chain
X shows that the Markov chain Z has representation

(13) Zn = QTLZn—l ® Xp—1 + W

Here {W,} is a sequence of martingale increments with respect to Z,.

In standard models of Bonus-Malus systems (see for instance [6]) it is gen-
erally assumed that for a policy holder the number of reported claims are i.i.d.
random variables. However, policy holders may choose not to report small
claims to avoid being penalized. The presence of X,,_; expresses this fact.

d. Consider the simplex U = {(u1,...,us,|) : u; > 0 and Zi‘iﬁ' u; = 1}. By
definition each column of @, is a point in U. Let Uy, ..., Uy be a partition
of the set U, that is U = Uy UUs U ---U Uy and U; NU; = 0, @ # j. Let
O = (Uy,...,Up)I5x!1521 that is © is the Cartesian product of |Sx||Sz| copies
of the ordered set (Ui, ...,Uy). We define the following Markov chain @,, on
the set © as follows.

If the first column of @), is a point in U,,,, the second column of @, is a

point in U,,,, ..., the last column of @, is a point in U, then @, =

ISx|ISz1?



1258 Lakhdar Aggoun and Lakdere Benkherouf

(Unys Ungs -+ s Um\sx\lsz\>’ that is, @n keeps track only of the location of the
columns of @, in Uy, ..., Uy.
Write © = {01,0,,...,0u|sy|s,}- We shall identify the ordered set © with

the standard basis {b1, ba, . .., basisy|is,|} of RMISx| 1921 We assume that

~ ~ A
PlQn = by | Qn-1 = by] = agp.

Write A = {az}, pg=1,..., M|Sx||Sz| and Zé‘gstSZl aqp = 1. That is, A
is an M|Sx||Sz| x M |Sx||Sz| stochastic matrix. Again using an analogous
argument to that used above shows that we have the respresentation

(1.4) Qn = AQn_1 + R,

where, as before, { R, } is a sequence of martingale increments with respect to
the o—field 0{Qy, k < n}.

The model discussed in this paper can be seen as a generalization of existing
models in the literature. It allows for some dependence between claims which
are usually assumed i.i.d. Another perhaps more important aspect of this
paper is the exposition of the so-called measure change techniques (or Hidden
Markov Models) which have become very popular in stochastic modeling.

The objective of this paper is to predict the number of claims m years into
the future. However these estimates depend on an unknown, time-dependent,
transition matrix @, for which we provide recursive estimates. N

Initially we start with a guess on the initial probability distribution of Q),,. As
time goes information about the evolution of the insurance model is gathered
in 7Z,,. Based on this information we set to update our knowledge about @,.
This is done in the next section where a ‘reference’ probability measure, under
which the processes X and Z become independent and identically distributed,
is introduced. In Section 3 we provide a formula to predict future claims m
years into the future. Again all calculations are performed under the ‘reference’
probability measure introduced in Section 2. In Section 4 we propose the so-
called Expectation Maximization (EM) to estimate the transition probabilities
of the Markov chain X. Finally in Section 5 alternative estimates for this
transition matrix are proposed. At each time n these estimates are expressed
as the sum of an estimate at time (n — 1) plus a correction based on new
information.

2. REFERENCE PROBABILITY

In order to estimate recursively the states of the ‘hidden’ process () we choose
a measure P, on the measurable space (€, F), under which processes X and
Z are two sequences of statistically independent and identically distributed
random variable. The probability measure P is referred to as the ’real world’
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measure, that is, under this measure
Xn = an—l ® Zn—l + Vna
(21) P Zp = QnZn—l ® X1+ WTM
Qn = AQn—l + R,

Suppose that under the measure P processes X, Z are i.i.d with the following
distributions

1
PX,=¢| T 1,20 1] = m
X
1
P Z, = fo | Z,)] S

Further, under the measure P, the dynamics of @n are unchanged.
Define

(2.2) A= T] Am:

m=1
where \g = 1 and
ISx| |Sz]
Ay = H H(’SX ’pjik)(va€j><Xm—17€i><Zm—17fk>
ij=1k=1
[Sz| [Sx|
(2.3) < T TT(S2lgm(s, v, h))#mde@mosfediXm-ven),
rs=1 h=1

where (.,.) refers to the usual scalar product. It can be shown ([4, 1]) that A

is a positive martingale with mean 1. Hence one can define (via Kolmogorov

Extension Theorem) the real world’ measure P in terms of P, by setting
dr

A
—_— =A,.
dPtlg, "

(2.4)

Here G, is the complete filtration generated by { Xy, Zy_1, Qr, k < n}.

Lemma 2. Under probability measure P, as defined from P! via (2.4), the
dynamics in (2.1) hold.

Proof. We give the proof only for the process X.
Using a version of Bayes’ Theorem [4]
P(X,=¢;|Gn1,Xn-1=¢€i, Zn_1= fr)
ET[(Xn, )M | Gnor, Xno1 = €3, Zn1 = fi]
EfAy | Gne1, Xn1 = €iy Zn-1 = fi]
= ET[<XW€J’>>‘H | Gno1, Xn-1 =€, Zn—1 = fl,
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In view of (2.3) we see that

EN(Xn, )M | Gut, X1 = €1y Zn1 = fil

[Sz|
= ’SX’pﬂk’SZ’ ZETKXTM €j>q7’b($7 k72)<Zn7 fs> ’ gn—l:Xn—l = €4, Zn—l = fk]
s=1
[Sz|
= B D au(s. k1) | Guor, Xuot = €1, Zu1 = il
s=1

Pjik

where we used the distribution of Z, and X, under P' and the fact that
lesjll qn(s,k,i) = 1. This finishes the proof. 0

Define the measure-valued process

(2.5) gp(w) = ETMR(@m bw) | Zn].

Remark 1. By a generalized version of Bayes’ Theorem [4]

p(@n:bw | Z,) = M

Theorem 1. Denote by g, (w), the initial probability of@n. The unnormalised
probability g, (w) € Ry, satisfies the recursion

G (W)
|Sz| M|Sx||Sz|

= ’SXHPXn—l & Zn—l: Xn> Z(@wzn—l & Xn—l: fs> Z avan—l(”)

s=1 v=1
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Proof. In view of the special form of the martingale A as defined in (2.2) and
(2.3) we see that (2.5) is equal to

EN A (Qn, bw) | Z]

[Sx| [Sz|
= B'Aur(@n,bu) [T [T (18xlpjan) e Conmred sl
1,5=1 k=1
[Sz| |Sx]|
< T T1(Szlan(s, 7, b)) ZmtedEnrdiin-ren | T )
r,s=1 h=1
[Sz| 1Sz] 1Sx]|
- Z H H(’SZ’%U(S, r, h))<Z"—1vfr><Xn—1,eh)
s=1 r=1 h=1
|Sx| |Sz]
% TT TT01Sclpsin) e Koo
i,j=1 k=1

XET[An—1<@n7 bw><Zn7 f8> ’ I”]

Here, we use the distribution of Z,, under P?

[Sz| 1Sz|Sx]|

N ’S ’ZHH ’SZ’qw S, T, h))<Zn Lfr) (Xn—1,en)

s=1 r=1 h=1
[Sx| [Sz|

X H H(’SX’pjik)<X"’ej><X"_1’ei><Zn—1vfk>

t,j=1 k=1

X EN[An 1 (Qn, bu) | T

Now recall the dynamics form (1.4) of Q..

ET[AH<@M bw) | Zn]

M|Sx||Sz| [Sz| 1Sz] 1Sx]|

’SZ’ Z avaHH (157]quw(s, h))<Z" Lfr)(Xn—1.€n)

s=1 r=1 h=1
[Sx]| 1Szl

x H H(’SX’pjik)<X"’ej><X"—1vei><Zn_1,fk>

t,j=1 k=1

X ET[AR—1<@n—17 bv> ’ In—l]

By using the notation in (2.5), the above is equal to
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M|Sx||Sz| [Sz[ 1Sz 15x|
Z aw“ZHH (qu(s,, h)) (anfr Xn_1,en)
s=1 r=1 h=1
|SX| [Sz|

X H H(’SX’pjik)(Xnve]'><Xn—1yei><Zn—17fk>gn_1(/U)’

t,j=1 k=1

which finishes the proof. U

3. PREDICTING THE NUMBER AN SIZE OF FUTURE CLAIMS

It is important to insurance companies to be able to predict the total amount
to be claimed by policy-holders m years into the future. As a first step we shall
derive a formula to predict the amount (or more precisely the interval which
will contain the total amount) to be claimed by a tariff group of policy-holders
at the end of the current year. That is, we wish to compute the conditional
probability of Z,, given the history up to the beginning of the current year.

By Bayes’ Theorem

Et Zm s) A | 2y,

where the denominator is a constant.

Lemma 3. The (unnormalised) conditional probability distribution of the amount
to be claimed by a given risk group of policy-holders at the end of the current
year given the history I, up to the beginning of this same year is
EYZ.\, | T,
[Sz| M|Sx]||Sz]

= ’SXHPXn—l ® Zn—la Xn> Z Z <@wZn—1 ® Xn—la fs>fs gn(w>
s=1 w=1

Proof. We have

E'Z.\, | T,]
[Sz|

Zfs Znafs n’z-n]

|SZ| M|Sx||Sz|

=S50S EUQu b, fOA | T,

s=1 w=1
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Now, the proof of Theorem 1 implies that the above is equal to:

[Sx]| |Sz|

LT TTCISxlpjin) Xmest Xnmread o)

ig=1 k=1
ISzl M|Sx||Sz| Sz |Sx|

2o 2 et r )= w

w=1 r=1 h=1
[Sz| M|Sx||Sz| _
= [Sx[(PX01 ® Zo-1, Xa) Y D (QuZat @ Xoo, fo) fogn(w).
s=1 w=1

O

Now we wish to derive the joint conditional probability distribution of
(Zn, [so) and (Zn41, fs,) given the history up to the beginning of the n-th
year. Again we consider the unnormalised version:

ET[<Zn7fSO>< n+17fs1> n+1 ’In]
M|Sx|1Sz] 1Sx|

= > S B fu) Zarr, fo) (Kt €)@ bug /@t b ) A | T

wo,w1=1 j1=1

M|Sx||Sz| |Sx| |Sx| [Sx|
Z Z H(]SX i iso) X H(!SZ’C]wl (51, 50, h))Xnen)
wo,w1=1 j1=1 i=1 h=1

X ET[<XH+17 €j1><@n7 bwo><Zn7 f80><A@n7 bw1><Zn+17 f81>An ’ In]'

Note that Z,, X,,4+1 and Z, 41 are not in Z,,, therefore we use their distributions
under P'. This means that the above is equal to

M|Sx|ISz] |Sx| |Sx| [Sx|

> > I whas) e ;2 H(fsz!qwl (51, 50, b)) Xment

wo,w1=1 j1=1 i=1
X EY[(Qns buo) (Abugs by ) | Z).
Noting that (Abyg, bw,) = Gww, and using ( 2.5) we get

M|Sx||Sz| ISx]| |Sx| [Sx|

Z Z H(pjlvi50><Xn . ’SZ’ H qw1 517507 )<Xn’eh>

wo,w1=1 7j1=1 1=1
X Qwiwon (wO)
M|Sx||Sz] |Sx| [Sx|

= Z Z H pj1 zsoCle S1, 50,1 ))< "ez>aw1wogn(w0),

wo, w1 =1 j1=1

The same argument leads to the m-th step predictor
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Theorem 2. We have

ET [An-I—m H(Zn-I—ta f5t> ’ I”]
t=0

M|Sx||Sz| [Sx| [Sx|

= Z Z ’; ’ H pjl iso Qw1 (517 5072))<Xmei>

m
X H Pji1,5ese Quesa (st+17 St, ]t)awtwt_1gn (wO)-
t=1

4. PARAMETER RE-ESTIMATION

In this section we show how, using the Expectation Maximization (EM)
algorithm, the parameters of the model can be estimated. In fact it is a
conditional pseudo log-likelihood which is maximized, and the new parameters
are expressed in terms of the recursive estimates obtained in Section 6. We
begin by describing the EM algorithm.

The basic idea behind the EM algorithm is as follows ([2]). Let {P,0 € ©}
be a family of probability measures on a measurable space (€2, F) all absolutely
continuous with respect to a fixed probability measure Py and let Z C F. The
likelihood function for computing an estimate of the parameter 6 based on the
information available in 7 is

L(0) = Eq [Ziz yz}

and the maximum likelihood estimate (MLE) is defined by
0 € argmax geo L(6).

In general, the MLE is difficult to compute directly, and the EM algorithm
provides an iterative approximation method:

Step 1. Set p =1 and choose b.

Step 2. (E-step) Set 0% = ép and compute Q(+, 6x), where

APy
Q(0,0%) = Ey. llog b, ]I} :

Step 3. (M-step) Find
ép-‘rl € argmax 9€@Q(9, 9*)
Step 4. Replace p by p 4+ 1 and repeat beginning with Step 2 , until a
stopping criterion is satisfied.
The sequence generated {6,,p > 0} gives non-decreasing values of the like-

lihood function: indeed, it follows from Jensen’s inequality (see Elliott [3])
that

~

log L<ép+1) — log L<ép> = Q(ép—&-la Op),
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with equality if and only if ép+1 = ép. We call Q(0, 0%) a conditional pseudo-
log-likelihood.
Sufficient conditions for convergence of the EM algorithm are given in [8].
We wish to update the set of parameters
0 = (@, 1 <v,w < M|Sx||Sz|),
which is subject to the constraints Zyﬁ)‘”‘gz e = 1. Suppose our model is
determined by such a set # and we wish to determine a new set
0= (oK), 1 <i,j < M|Sx]|Szl),
which maximizes the conditional pseudo-log-likelihoods defined below.
To replace the parameters a.,, by Gyuw(n) in the Markov chain @ we define

n M|Sx||Sz| .

rn:Hl 11 <aL(m)<@mvbw><ém_l,bv>’

vw=1 Qo

and set
dF; B
APy |7,

Notation 1. The number of jumps of the Markov cham@ from state b, to
state by, in time n is given by J"(n) = > _(Qm-1,bv) (Qm., bw)-

Theorem 3. The new estimate of the parameter G, (n) given the observations
up to time n are given by

. ETAT" (n) | T, A V(T (1))

Qo (n) = - MSx] 1S7] '

SOMISISZ Bt A, Tve(n) | T, SoMINE 2Ly (Few ()

Proof.
M|Sx|ISz| n

log A= > (Qm buw)(@m1,b0) (108 Gun(n) — 10g Q)

v,w=1 m=1

M|Sx||Sz|

= Y T logaw(n) + R(a),

v,w=1
where R(a) is independent of a. Therefore,
M|Sx Szl

(41)  EllogAn [Z) = Y E[J"(n) | Tn]1og duw(n) + R(a).

v,w=1
Now the G,,(n) must also satisfy

M|Sx||Sz|

(4.2) > aw(n) =1.

w=1
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We wish, therefore, to choose the Gy,(n) to maximize (4.1) subject to the
constraint (4.2). Write A for the Lagrange multiplier and put

M|Sx||Sz| R M|Sx||Sz|
LaN= 3 E[j”“’(n)]In]log&wv(n)—l—R(a)Jr)\( S dwv(n)—l).
v,w=1 w=1

Differentiating in A and @,,(n), and equating the derivatives to 0 gives the
result. 0

Remark 2. A closed form, finite-dimensional recursion is only possible for the
conditional joint distributions of J""(n) and @Q,. That is we shall consider

recursive filters for ET[AnJ"" (n)Qy | Z,] 2 p " (n). However v,(J"(n)) =
2 ulp (1), bu)

Theorem 4. Let p " (0) be the initial distribution of J"*(0)Qo and forn > 1

p " (n)

M|Sx||Sz| [Sz| 1Sz] 1Sx]|

TSI 301 0§ (et

t,u=1 s=1 r=1 h=1
[Sx| 1Szl

T TT(SxIpjin) Xrmes?XnmvedtZnndi (o v — 1), by)
ij=1 k=1
[Sz| 1Sz] 1Sx]|

+utun Y | ] (@uls. 7. b)) @nrdrXasen)

s=1 r=1 h=1
[Sx]| [Sz|

« H H(’SX’pjik)(Xnve]'><Xn—1yei><Zn—17fk>gn_1(/U)'

ij=1 k=1

Proof. First note that 7" (n) = J"(n — 1) + (Qn_1, by)(Qn, bs). Therefore

ET[Anjvw(n)@n | Z,] = ET[Anjvw(n - 1)@71 | Z,)]
+ ET [An<@n—17 bv><@n7 bw>@n ’ In]
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However, using the fact that Zﬁf)("SZ'(@n, b,) =1 and in view of (1.4), (2.2
) and (2.3)

~ M|Sx||Sz| _
ET[Anjvw(n - 1)Qn ’ In] = Z buET[Anjvw(n - 1)<Qn7 bu> ’ In]
u=1
M|Sx||Sz| ISx| 1Sz
— Z bu ET[Ap 1T (n — 1) H H(’SX ’pjl.k)(Xnvej><Xn—17€i><Zn—1vfk>
u=1 ij=1 k=1
ISz| 1Sx]

< T T1(Szlgn(s, v, h))Zmdo il Xncven)(AQ,,_y b,) | ]

r,s=1 h=1
M|Sx||Sz| 15211521 152
Z bu Z H H(lsz!qw(s, 7, h))Zn-1:fr)(Xn-v.en)
u=1 s=1 r=1 k=1
[Sx| |Sz|
< [T TT0SxIpjia) e XnreaZnmsofid
i,j=1 k=1

X ET [An—1<-.7vw(n - 1)<Zn7 fs><A@vn—17 bu> ’ In]a

where we used the fact that Z,,_1, X,,_1, X, are all Z,, measurable to get

1 M|Sx||Sz|  |Sz| ISz| ISx|

5 2 e ITTT0S aus,r ) @otiocsen

=1 s=1 r=1 h=1
[Sx| [Sz|

x H H(’SX’pjik)<X"’ej><X"—1vei><Zn_1,fk>
X EAp 1T (n — ){AQn_1,b.) | Tn_1],

after using the uniform distribution and independence of Z, under P'. This
leads to

M|Sx||Sz|
1

5] Z Autby Z H H(]Szqu(& r h))(Zn_l,frxXn_l,ew
’ Z’ t,u:l s=1 r=1 h:l

[Sx| [Sz|
x H H(’SX’pjik)<X"’ej><X"—1vei><Zn_1,fk)

X ENAp 1T (0 = 1{(Qn1, b)) | Tn1],
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because

M|Sx||Sz| _
Z <Qn—1,bt> = 1)
t=1
M|Sx||Sz| Sz 1Sz ISx|

- Z autbu Z H H (qw(s, r, h))<Z"—1vfr><Xn—1,eh>

t,u=1 s=1 r=1 h=1

[Sx| |Sz|

x H H(’SX ’pjik><Xn7ej><X"—1vei><Zn—1vfk><p "y — 1), b,),
ij=1k=1

using the notation in Remark 2 and, using the same assumptions,

[ <Qn 15 ><Qna >@n ’In] = waT[ <Qn 15 ><Qn7 > ’In]

’S ’ZHH ’SZ’qw s, T, h))<Zn Lfr) (Xn—1,en)
s=1 r=1 h=1
[Sx| [Sz|
< T TTUSxpjin) e Xnmread Znmnsfid
X ET[An—1<@n—1,b YAQn-1,bw) | Tn-i]
’S ’ZHH ’SZ’qw s, T, h))<Zn Lfr) (Xn—1,en)
s=1 r=1 h=1
[Sx| [Sz|
X H H(’SX’pjik)<X"’ej><X"—1vei><Zn_1,fk)

X EAn_1(Qn_1,b0)(Aby, by) | Tn_1]

ISz| 1Sz] |Sx|
= buauy y_ [T T (qulsr ) e 00
s=1 r=1 h=1
ISx| [Sz]
X H H(’SX’pjik)(Xn,€j><Xn—1,€i><Zn_17fk>gn_1(/U)’
i,j=1 k=1
which finishes the proof. -

5. RECURSIVE PARAMETER ESTIMATION

In Section 4 we proposed estimates for the matrix A via the EM algorithm.
However, these are not expressed as the estimates at time (n— 1) plus a correc-
tion based on new information. This in fact if available should make computa-
tions simple. We shall next derive such estimates Write A = A(#), and suppose
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that 6 is not known a priori. Let us estimate 6, given the observations Z,,. We
assume that 6 will take values in some measure space (I', 3, u).

Let us now write G, for the complete o-field generated by knowledge of
X, Z, @ together with . With this enlarged G, the results of the previous
sections still hold. We shall be working under the same probability measure

PT on <Q, V Qm) defined in Section 2. Write o,,(0) for the unnormalised,
m=1

conditional density such that

ETAW{Qn, bu)I(0 € d) | T,.) = on(w, 0)db.

Here, I(A) is the indicator function of the set A, that is, the function which
is 1 on A and 0 otherwise. The existence of o,(w,#) will be discussed below.
The normalized conditional density is simply

E[(Qn,bu)1(0 € dO) | V4] = on(w, 0) |
= /Fa”(w7 P)dp (o)

A recursive expression for o, (w, 6) is now obtained:

M|Sx||Sz|

Theorem 5. The recursive estimates of the unnormalised joint conditional
distribution of ), and 0 are given by

oa(1,6) = 1Sx[{PXo 1 © Zu 1, X,
(5.1) |Sz| M|Sx||Sz|

X Z<@wzn—1 & Xn—la fs> Z awvan—l(va ¢>
s=1

v=1

Proof. Suppose ¢ is any real valued Borel function on I'. Then

(5.2) EV(Qurbu)g(O)A, | T,] = / 010, 6)9(B)du(9).

However, in view of (1.4), (2.2) and (2.3) the left hand side of (5.2) is simply

ISx| |Sz]
= ET[An_1(AQn_1,b H H |Sx |pjik ) Xmes) Kn-r€i) (Zn-1.1k)
ij=1 k=1
[Sz| [Sx|
< LT TT0Selaus 1)) ot s sy )| 7,
r,s=1 h=1
M|Sx||Sz| [Sz| |Sz| 1Sx|
Z aw”ZHH (1S 2|qu(s, T, h))(zn 1,Fr ) (Xn_1,en)
’SZ’ s=1 r=1 h=1
[Sx| |Sz]

x H H(’SX’pjik)<X"’ej><X"—1vei><Zn_1,fk>

i,j=1 k=1
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X ET[An—1<@n—lab > (6) ’ In—l]

M|Sx||Sz| [Sz| |Sz] |Sx|
I a9 (ORI
’SZ’ s=1 r=1 h=1
[Sx| |Sz|
s TT TT0S Iy 6 v 1fk>/an_1(v’¢)g(¢)du(¢).
i,=1 k=1
As g is arbitrary we see
M|Sx||Sz| [Sz| |Sz| ISx]|
I DD v | ) (LTSRN
’ Z’ s=1 r=1 h=1
[Sx| |Sz|
> H H(’SX’pjik>(Xn,e]-)(Xn—1,ei><Zn—17fk>O-n_1(v’¢>7
ij=1k=1
which is the result. O

Compared with Theorem 3 the new feature of Theorem 5 is that it up-dates
recursively the estimate of the parameter.

Remark 3. Suppose m = (71, ..., T sy|is,|), where Ty, = P(@o = by), is the
initial distribution for Qo, and h(0), is the prior density for 0. Then

oo(w, 0) = m,h(6),
and the updated estimates are given by (5.1).

If the prior information about @0 is that, say, @0 = by, then the dynamics
of @, (1.4) will move the state around and the estimate is given by (5.1). If
the prior information about 0, is that 6 takes a particular value then h(#), (or
a factor of h), is a delta function at this value. No noise or dynamics enters
into 6, so the equations (5.1) just continue to give the delta function at this
value. This is exactly to be expected. The prior distribution A taken for 6
must represent the a priori information about #; it is not an initial guess for
the value of 6.

Finally, we note that the equations (5.1) are really just a family of equations
parametrized by 6. In particular, if # can take one of finitely many values
61,04, ....,0, we obtain p equations (5.1) for each possible ;. The prior for ¢
is then just a distribution over 60y, ..., 0,.

Remark 4. [t could be of interest to look at a continuous-state version of (1.3)
as given, for instance, by the following (conditional) probability distribution of
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the totality of the claims reported by a (risk) group.
P(Zredx|Z) | =2 Xu1=¢)

1 1 (x - g;z) q
= ———exp{ —= | — 2.
Wi \2m P12 w

Let \,, € Ry be a stochastic process with transition density

p()\n € du ’ An—1 = A, 22_1 = E, X1 = 61‘)

1 1 (u—bgAy ;
= ex — |\ zZ.
ogiN2m P 2 oy,

P(Zi =m | A, Xpo1 =€)
A
= eXp{_)\n} M:
In this case (1.1) takes the form
p[Xn = €5 ’ Xn—l = €4, Z;’Lb—l =z, Zfb—l = g] é pj7i(z7€)’

that is, given the event [Z} | = 2z, Z%> | = (], X is a Markov chain with
probability transition matriz function of z and .
Using the same techniques many quantities of interest could be derived.

6. CONCLUSION

In this paper, we considered a Markovian insurance model in which a policy-
holder belongs to one of a finite number of classes (tariff groups). The move-
ment between classes is modeled as a discrete time Markov chain which is de-
pendent on the claim process which is also assumed to be Markovian. However,
the transition matrix of the claim process is assumed unknown and random.
We proposed recursive filters for a related transition matrix. We also provide
a formula to predict claims m years into the future. A probability transitions
matrix is estimated via the EM algorithm and recursively.
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